The degree-diameter problem seeks to find the maximum possible order of a graph with a given (maximum) degree and diameter. It is known that graphs attaining the maximum possible value (the Moore bound ) are extremely rare, but much activity is focussed on finding new examples of graphs or families of graph with orders approaching the bound as closely as possible.
Introduction
The Degree Diameter Problem for graphs has its motivation in the efficient design of interconnection networks. We seek to find the largest possible order (number of vertices) of a graph given constraints on its diameter k and the maximum degree d of any of its vertices. Often the problem is studied for undirected graphs, in which case the well-known Moore bound (see e.g. [3] ) states that the number of vertices cannot exceed
In the undirected case it is well known [3] that no graph can achieve this bound if k > 2, and for diameter 2 the only known Moore graphs correspond to degrees 2, 3 and 7, with the case d = 57 being a famous open problem. In the case of directed graphs the corresponding Moore bound [3] is given by
In this paper we are concerned with the mixed or partially directed problem, in which we allow some of the edges in our graph to be directed and some undirected. We conform to the Figure 1: The labelled Moore tree for z = 3, r = 3, k = 2 most usual notation in the literature, so that the maximum undirected degree of a vertex (the number of undirected edges incident to it) is denoted by r. The maximum directed degree is taken to mean the maximum number of out-arcs from any vertex and is denoted by z. As usual we denote the diameter of a graph by k.
To bound the maximum possible number of vertices, the approach is to consider a spanning tree rooted at some arbitrary vertex. It is not difficult to see that maximality is only achieved when each vertex has a unique parent at the previous level in the tree, and the maximum possible number of neighbours at the next level. Figure 1 shows such a tree for the case z = 3, r = 3, k = 2.
Note that this Moore bound is only attained in a very small number of known cases. Nguyen, Miller and Gimbert [5] show that no graphs attaining the bound exist if the diameter k ≥ 3. For k = 2, the known examples [3] are a family of Kautz graphs with r = 1, z ≥ 1 and a graph of Bosák with r = 3, z = 1. Recently, Jørgensen [6] has discovered a pair of graphs with r = 3, z = 7.
In [4] the general upper bound for the order of a graph with parameters z, r, k is given as
It seems that this formula may have been extrapolated from the expressions for graphs of small diameter. In this paper we develop a precise formula for the Moore bound, and show that for all diameters greater than 3 this is in fact smaller than the bound stated in [4] .
2 Revised Moore Bound Theorem 1. Let M z,r,k denote the largest possible number of vertices in a mixed graph of diameter k, maximum directed degree z and maximum undirected degree r. Then:
where:
To prove the formula, we count vertices in the spanning tree by fixing an arbitrary vertex w and consider the distance partition from w. Denote by L j the maximum possible number of vertices in the graph at distance j from w.
Lemma 2. The maximum number of vertices in the distance partition satisfies the recurrence
For j ≥ 2 we proceed inductively. The key observation is that in a maximal graph, a vertex at level j − 1 has exactly one parent at level j − 2, but the number of its children at level j depends on whether the edge from its parent is undirected or directed. If the edge is undirected then the vertex has at most z + r − 1 children, and if it was directed then the vertex has at most z + r children, i.e. one more. Since the number of vertices at level j − 1 with a directed edge from their parent is at most zL j−2 , the recurrence follows. 
Although the closed form solution (4) looks rather more complex than the old version, we can show via straightforward algebraic manipulation that it generalises both the undirected and directed formulae.
Proposition 3.
(a) Setting z = 0 in Equation (4) recovers the undirected Moore bound (1).
(b) Setting r = 0 in Equation (4) recovers the directed Moore bound (2).
At first glance the formula (4) offers little insight into the behaviour of the bound as k increases. However we can obtain a relatively straightforward estimate of its asymptotic behaviour.
Proposition 4. Suppose r > 0. In the notation of Theorem 1, for sufficiently large k, M z,r,k is the nearest integer to B u
Proof. It suffices to show that |u 1 | < 1.
. Since r > 0, it follows that (z + r + 1) 2 > (z+r) 2 −2(z+r)+1 and so ∂u 1 ∂z < 0. So for any fixed r > 0, u 1 is strictly decreasing as z increases.
When z = 0, u 1 = 0 and for any z we have u 1 > −1 since z+r+1− (z + r) 2 + 2(z − r) + 1 > 0. Thus 0 ≥ u 1 > −1 for any r > 0 and any z ≥ 0.
3 Impact of revised bound on existing work
We begin by offering some brief comparison between the old formula (3) and our corrected version (4) . It is easy to verify that the formulae agree up to diameter 3, but our formula gives smaller results for all diameters k > 3. A comparison of values given by the old and new formulae for small z, r is shown in the logarithmic plots in Figure 2 . The old bound has been quoted by several authors, but none of them has used it in an essential way. For instance, [5] proves that Moore graphs only exist for diameter 2. Recall that for diameter 2 the new upper bound agrees with the old one. The proof of the non-existence of Moore graphs for diameters greater than 2 does not make use of the upper bound, and hence is not affected by our correction. The papers [1] and [2] also focus on the case of diameter 2. In [1] , some conditions are given to construct a Moore graph by voltage assignment. On the other hand, [2] investigates properties of Moore graphs of directed degree one. Those results are also unaffected by our correction.
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